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Bias-Variance Trade-off

MSE = Bias’+ Variance
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» Hik: Least Angle Regression (LARS);
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Recall: Forward Stepwise Re

Q

ression Algorithm

o Xt H T & (variable selection)
) — 72
(D Start with all coefficients equal to zero.

@ Find the predictor X; most correlated with y, and
add it into the model. Take residuals r = y-yhat.

(3 Continue, at each stage adding to the model
the predictor most correlated with r.

@ Until: all predictors are in the model
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Least Angle Regression

 The least angle regression procedure follows the
same general scheme, but doesn't add a
predictor fully into the model.

* The coefficient of that predictor is increased only
until that predictor is no longer the one most
correlated with the residual r.

e LARS is state-of-the-art until 2008.

2018/8/18 Biaf, (c) 2018 33

Stata



Least Angle Regression Algorithm

(O Start with all coefficients equal to zero.
@ Find the predictor X; most correlated with y

(3 Increase the coefficient b, in the direction of the sign of
its correlation with y. Take residuals r=y-yhat along the
way. Stop when some other predictor x, has as much
correlation with r as x; has.

@ Increase (b;, by) In their joint least squares direction,
until some other predictor x., has as much correlation
with the residual r.

(® Continue until: all predictors are in the model
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Coordinate Descent Algorithm

15 , flx,y) = 52" — 6xy + 5y°
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Pathwise coordinate descent for the lassol

Coordinate descent: optimize one parameter (coordinate) at a
time.

How? suppose we had only one predictor. Problem is to
minimize

Z(yz —x:4)% + Al

Solution is the soft-thresholded estimate
sign(B)(|6] = A) ¢
where 3 is usual least squares estimate.

Idea: with multiple predictors, cycle through each predictor in
turn. We compute residuals r; = y; — > jtk Tij Br and applying
univariate soft-thresholding, pretending that our data is

(,’Eij, Tz')° N 36

Stata
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 The lasso does not handle highly correlated
variables very well; the coefficient paths tend to
be erratic and can sometimes show wild
behavior

« Zou and Hastie (2005)¥tLasso 5[ HAHES &
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« Lasso (a =1) 5Ridge (a = 0) #ZElastic Netf) 45
e 24 p>nif, Elastic Netf iz 5 ] 6847 FLasso

« Elastic Net encourages grouping effects in the
presence of highly correlated predictors

 Note: Naive elastic net suffers from double shrinkage

« Correction: ,&net =1+ /12),é
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e Lassoh—E AL IEFIAE: The lasso is
only variable selection consistent under the
rather strong "irrepresentable condition", which
Imposes constraints on the degree of correlation
between predictors in the true model and
predictors outside of the model.

* LassofJUda e, BN REMEYE, =
U 22 -5 RBCER R
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Oracle Properties (#fifi {4 i)

Let us consider model estimation and variable selection in
linear regression models. Suppose that y = (vi,...,v)! is
the response vector and X; = (xy;, . .. ,xﬂj)T, j=1,...,p, are
the linearly independent predictors. Let X = [xy,...,%p] be
the predictor matrix. We assume that E[y|x]| = ,Bi*‘xl o
,B;xp. Without loss of generality, we assume that the data are
centered, so the intercept 1s not included in the regression func-
tion. Let A = {j: ﬁj?*‘ + 0} and further assume that | A| = pp < p.
Thus the true model depends only on a subset of the predictors.
Denote by 3(3 ) the coefficient estimator produced by a fitting
procedure §. Using the language of Fan and L1 (2001), we call §

an oracle procedure if 3(5 ) (asymptotically) has the following
oracle properties:

¢ Identifies the right subset model, {;: B;,- #0} =4

o Has the optimal estimation rate, /n(8(8) 4 — By) —a
N(0, X*), where X* is the covariance matrix knowing the
2018/8/ true subset model.
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Adaptive Lasso

e Z0ou(2006)#2 Hadaptive lasso,
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 The adaptive lasso enjoys the oracle properties.

o Ei1E F5LassoZ Ll

* As the sample size grows, the weights for zero-
coefficient predictors get inflated (to infinity),
whereas the weights for nonzero coefficient
predictors converge to a finite constant. Thus we
can simultaneously unbiasedly (asymptotically)
estimate large coefficient and small threshold
estimates.

44
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o Tibshirani(1996)#& 5 H B BhdriEiR, {55 ku¢
UE A — 2y
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B EANZETFIEAE T (selection operator) , Lasso
HA—EMaeREE G “BRTERZE” (omitted

variable bias) .

tban, WA & A A — N IRA BSOS P A PR AR =
(treatment variable) UL K14 Z 5|4 = (control
variables) . W B HLassofdiit it G g, I T8
Hill AR R, ) AT B 2 e ) AL BEAR B s ) AR
(H T XA 0] ge 5B m EAHOC,  WAE [R5 8
AL AR EESL S, EATTER AT RER ZR%) , B
Bt e AL = 22
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Post Double Lasso

« “NIt, Belloni, Chernozhukov and Hansen

(2014, REStudy)$2

AR “Post

Double Lasso” {iit=

o WM REAR B 5 A TR AR & 4y ) B A e | AR
i1TLassolrlH, K5 XTJXW?/\ assoln| A (R piE

“Double Lasso” ) Frf8HyIAEE A = iU 4

(union) ZJ&, BHARNEGTFEHEITOLS[EIH,
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616 REVIEW OF ECONOMIC STUDIES

Distributions of Studentized Estimators

post-gingle-selection estimator post-double-selection estimator

0 0
8-7-6-6-4-3-2-1 01 2 3 45 6 7 8 -8-7-6-65-4-3-2-1 01 2 3 456 6 7 8

FiGURE 1
The finite-sample distributions (densities) of the standard post-single selection estimator (left panel) and of our
proposed post-double selection estimator (right panel). The distributions are given for centered and studentized
quantities. The results are based on 10000 replications of Design 1 described in Section 4.2, with R?’s in
equation (2.6) and (2.7) set to 0.5.
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e ssc Install elasticregress

e elasticregress -- Elastic net regression

e Jassoregress -- LASSO regression

e ridgeregress -- Ridge regression
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e ssc 1nstall lars

e IJjfit: Least Angle Regression, Forward
Stagewise Regression, Lasso estimation

I

2. lars varlist,a(lasso

o
ar
~H

o’/

o FUAFE N LY lassopack (T BE 5 5R)
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e ssc Install lassopack

e lasso2 implements lasso, square-root lasso, elastic net,

ridge regression, adaptive lasso and post-estimation
OLS.

e cvlasso supports K-fold cross-validation and rolling

cross-validation for cross-section, panel and time-series
data.

e rlasso implements theory-driven penalization for the

lasso and square-root lasso for cross-section and panel
data.
2018/8/18 M5%, (c) 2018 55
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e ssc Install pdslasso

e pdslasso allows for estimating structural
parameters in linear models with many controls

Pl oVl YW al B Ve

e 1vlasso in addition allows for endogenous
treatment variables and many instruments

* Needs to install lassopack first

2018/8/18 5%, (c) 2018

Stata

56



T
5

A1 A =2
H

~)
) VI

E'r
»
/-\
C3

3. EXAMPLE —PROSTATE CANCER DATA

The prostate cancer data come from a study by Stamey et al. (1989) that examined
the correlation between the level of prostate specific antigen and a number of clinical
measures, in men who were about to receive a radical prostatectomy. The factors
were log(cancer volume) (Icavol), log(prostate welght) (lwelght) age, log(benign
prostatic hyperplasia amount) (Ibph), seminal vesicle invasion (svi), log(capsular
penetration) (Icp), Gleason score (gleason) and percentage Gleason scores 4 or 5
(pggd5). We fit a linear model to log(prostate specific antigen) (Ipsa) after first
standardizing the predictors.
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Fig. 5. Lasso shrinkage of coefficients in the prostate cancer example: each curve represents a
coefficient (labelled on the right) as a function of the (scaled) lasso parameter s = ¢/ Z|B7| (the intercept
is not plotted); the broken line represents the model for § = 0.44, selected by generalized cross-validation
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e Insheet using

https://web.stanford.edu/~hastie/ElemStatL
earn/datasets/prostate.data, clear tab

e SUM Variable Obs Mean Std. Dev. Min Max
vl 97 49 28.14546 1 97
Icavol 97 1.35001 1.178625 -1.347074  3.821004
fweight 97 3.628943 .4284112  2.374906  4.780383
age 97 63.86598 7.445117 41 79
Ibph 97 -1003556 1.450807 -1.386294  2.326302
svi 97 -2164948 -4139949 0 1
Icp 97 -.1793656 1.39825 -1.386294  2.904165
gleason 97 6.752577 -7221341 6 9
pPgg45 97 2438144 28.20403 0 100
Ipsa 97 2.478387 1.154329 -.4307829  5.582932
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Solution Path of Lasso

e lasso2 Ipsa Icavol lweight age lIbph svi

Icp gleason pgg45, plotpath(lambda)

Knot ID Lambda L1-Norm EBIC R-sq Entered/removed
1 1 163.62492 1 0.00000 35.57115 0.0000 Added _cons.
2 2 149.08894 2 0.06390 34.98739 0.0043 Added Icavol.
3 9 77.73509 3 0.40800 -0.15868 0.1488 Added svi.
4 11 64.53704 4 0.60174 -1.67592 0.2001 Added Iweight.
5 21 25.45474 5 1.35340 -21.40796 0.4268 Added pgg45.
6 22 23.19341 6 1.39138 -13.98342 0.4436 Added Ibph.
7 29 12.09306 7 1.58269 -10.83200 0.5334 Added age.
8 35 6.92010 8 1.71689 -5.57543 0.5820 Added gleason.
9 41 3.95993 9 1.83346 1.73747 0.6130 Added Icp.

Use “long®™ option for full output.
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e lasso2 lpsa lIcavol lweight age lbph
svi Icp gleason pgg4s,

plotpath(norm)

e & 5 Tibshirani(1996)i8 3 H ]
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o FHATKITAE XIEHIE (K-fold cross validation)

e cvlasso Ipsa lcavol lweight age lbph
svi lcp gleason pgg45, lopt seed(123)

{8

e “lopt” E/nizFfE MSPE (Mean-Squared
Prediction Error) m /)M Jlamda

« BUIA K=10
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K-fold cross-validation with 10 folds. Elastic net with alpha=1.

Fold 1 2 34567 89 10

Lambda MSPE st. dev.

1 163.62492 1.3162136 .13064798

2 149.08894 1.2141972 .12282686

3 135.84429 1.114079 .11387635

4 123.77625 1.0312944 .10651098

5 112.78031 .96287074 .10041915

6 102.76122 .90634254 .09536705

7 93.632197 .85966547 .09117793

8 85.314171 -82129033 .0877022

9 77 .735095 .78708372 .08506697

10 70.829323 .75291882 .08392608
11 64.537041 .71887806 .0813633
12 58.803749 .68700879 .07790452
13 53.579786 .65764718 .07375266
14 48.819905 .63330437 .07019418
15 44 .482879 .61317019 .06718914
16 40.531143 .59652336 .06467746
17 36.930468 .5827423 .06260056
18 33.649667 .5717589 .06094276
19 30.660323 .56283992 .05958147
20 27.936545 .55552251 .05855032
21 25.454739 .54987747 .05788939
22 23.19341 .5456319 .05748559
23 21.132972 .54242135 .05725761
24 19.255577 .53995063 .0571638
25 17 .544964 .53748677 .05733917
26 15.986318 .53488267 .05776712
27 14 .566138 .53408884 .05830419
2 11 272122 BRAR70RA NERAOKKR7
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the lambda that minimizes MSPE
largest lambda at which the MSPE is within one standard error
Estimate lasso with lambda=14.56613752575952 (lopt).

Selected Lasso Post-est OLS

Icavol 0.4913155 0.5125769

lweight 0.4800624 0.5490809

Ibph 0.0287509 0.0721513

svi 0.5367957 0.6496250

pPgg45 0.0012000 0.0024450
Partialled-out*

_cons -0.0753696 -0.4136749

2018/8/18

5, (c) 2018
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e lasso2 Ipsa Icavol lweight age Ibph svi
Icp gleason pgg45, plotpath(norm) alpha(O0)

—_—a

e “alpha(0)” x/&EIH, ERIN “alpha(l)” , &£~

Lasso
Knot ID Lambda s L1-Norm EBIC R-sq Entered/removed
1 1 1.636e+05 7 0.00550 35.30590 0.0000 Added Icavol lweight Ibg
Icp gleason _cons.

2 14 4.882e+04 8 0.01837 34.66794  0.0001 Added age.

3 19 3.066e+04 9 0.02916 33.93044 0.0002 Added pgg45.

4 70 266.66786 8 1.14310 -14.37223 0.2610 Removed age.

5 71 242.97782 9 1.18294 -15.15641 0.2764 Added age.

Use "long® option for full output. Type "lasso2, lic(ebic)® to run the model selected by E
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e cvlasso Ipsa Icavol lweight age Ibph
svi Icp gleason pgg45, lopt alpha(0)

seed(123)
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Estimate ridge with lambda=12.09306327371196 (lopt).

Selected Ridge Post-est OLS
Icavol 0.5012408 0.5643413
Iweight 0.6071343 0.6220198
age -0.0173037 -0.0212482
Ibph 0.0872244 0.0967125
svi 0.6949973 0.7616733
Icp -0.0473759 -0.1060509
gleason 0.0623617 0.0492279
pPgg45 0.0035150 0.0044575
Partialled-out*
_cons 0.0290541 0.1815609
2018/8/18
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e lasso2 lpsa Icavol lweight age lbph
svi Icp gleason pgg45,alpha(0.5)
plotpath(lambda)

- “alpha(0.5)” &Kp#ATHMEM LT, Ha=0.5
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Knot ID Lambda L1-Norm EBIC R-sq Entered/removed
1 1 327.24985 1 0.00000 35.57115 0.0000 Added _cons.
2 2 298.17787 2 0.03613 35.24437 0.0014 Added Icavol.
3 6 205.52244 3 0.19082 20.27745 0.0324 Added svi.
4 9 155.47019 4 0.41689 10.57230 0.0833 Added lweight.
5 12 117.60750 5 0.71407 -0.36612 0.1514 Added Icp.
6 16 81.06229 6 1.02466 -8.22341 0.2503 Added pgg45.
7 19 61.32065 5 1.19524 -20.17694  0.3206 Removed Icp.
8 22 46.38682 6 1.32918 -17.39395 0.3834 Added Ibph.
9 30 22.03750 7 1.56809 -14.42549 0.5072 Added age.
10 31 20.07975 8 1.59720 -7.62706 0.5185 Added gleason.
11| 42 7.21629 9 1.82024 -0.60980 0.6026 Added Icp.

Use "long” option for full output.

2018/8/18

Type "lasso2,

lic(ebic)®™ to run the model selecte

5, (c) 2018

12

Stata



N _
I [ [ [ [ [
0 100 200 300 400
Lambda

lcavol lweight

age Ibph

svi Icp

201 gleason pPgg4s

Stata



AV A
)L)&U_l. 21

!LL

L

e cvlasso Ipsa lcavol lweight age
Ibph svi Icp gleason pgg45, lopt
alpha(0.5) seed(123)

2018/8/18 5%, (c) 2018
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K-fold cross-validation with 10 folds. Elastic net with alpha=.5.
Fold 1 234567 89 10

Lambda MSPE st. dev.

1 163.62492 .89512771 .09696555

2 149.08894 .84845111 .09384688

3 135.84429 .80353514 .08934874

4 123.77625 .76243198 .08437389

5 112.78031 . 72626652 .07962085

6 102.76122 .69521741 .07532542

7 93.632197 .6690077 .07152232

8 85.314171 .64636412 .06808498

9 77.735095 .62694021 .06518573

10 70.829323 .61004727 .06283187
11 64.537041 .59590251 .06086168
12 58.803749 .58388619 .05914503
13 53.579786 .5740764 .05783446
14 48.819905 .56603382 .05690078
15 44 .482879 .55946929 .05624802
16 40.531143 .5541928 .05582761
17 36.930468 .54889462 .05574261
18 33.649667 .54416316 .05596494
19 30.660323 .5401974 .05625757
20 27.936545 .53794454 .05673325
21 25.454739 .53714998 .05730799
22 23.19341 .53661743 .05804729
23 21.132972 .53607762 .05878569
24 19.255577 .53576307 .05948455
25 17 .544964 .53522538 .06037063
26 15.986318 .53499607 .06121615
27 14.566138 .53502126 .06201304
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Estimate elastic net with lambda=15.98631795252315 (lopt).

{5 FH w5 fIC A Y 5

L1 DX £

T4 R

7

Selected Elastic net Post-est OLS
(alpha=0.500)

Icavol 0.4801637 0.5186256

Iweight 0.5279732 0.6217574

age -0.0056509 -0.0193045

Ibph 0.0534283 0.0949255

Svi 0.5860216 0.6427775

gleason 0.0091456 0.0422021

pgg45 0.0022446 0.0027656

Partialled-out*
_cons 0.0263605 0.2537330

2018/8/18

5, (c) 2018
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e cvlasso Ipsa Icavol lweight age lbph svi
Icp gleason pgg45, alpha(0 0.1 0.2 0.3 0.4
0.5 0.6 0.7 0.8 0.9 1) seed(123)

- 1% a=0,0.1---,0971, FLMMERL A

¢
S
i
2,
gt
b3
S
C
T
G
K

o EARMF, &L =1, BPLasso

2018/8/18 WRa, (c) 2018 77

Stata



Cross-validation over alpha (0 .1 .2 .3 .4 .5 .6 .7 .8 .9 1).

alpha lopt* Minimum MSPE
0.000 12.093063 -54348993
0.100 25.454739 .5418149
0.200 23.19341 .53756931
0.300 19.255577 -53580978
0.400 17.544964 .53525666
0.500 15.986318 -53499607
0.600 13.272122 .53487327
0.700 12.093063 .53484357
0.800 17 .544964 .53491241
0.900 15.986318 .53442826
1.000 14.566138 .53408884 #

* lambda value that
# alpha value that minimizes MSPE

2018/8/18

minimizes MSPE for a given alpha

5, (c) 2018
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Adaptive Lasso

e lasso2 Ipsa Icavol lweight age lbph svi Icp
gleason pgg45, adaptive plotpath(lambda)

Knot ID Lambda s L1-Norm EBIC R-sq Entered/removed
1 1 108.27212 1 0.00000 35.57115 0.0000 Added cons.
2 2 98.65352 2 0.06390 34.98739 0.0043 Added Icavol.
3 22 15.34729 3 0.63951 -20.58471 0.3974 Added svi.
4 23 13.98388 4 0.73923 -15.28268 0.4101 Added lIweight.
5 40 2.87580 ) 1.62412 -26.57879 0.5752 Added Ibph.
6 44 1.98218 6 1.69761 -19.55126 0.5940 Added age.
71 46 1.64564 7 1.73881 -12.13075 0.6021 Added pgg45.
8 55 0.71236 8 1.84669 -6.77680 0.6302 Added Icp.
9 75 0.11082 9 2.11861 -0.02777 0.6570 Added gleason.

Use "long® option for full output.

2018/8/18

Type "lasso2,

lic(ebic)® to run the model selecte

5, (c) 2018
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o FATKITZ XIIF (K-fold cross validation), BRIk
K=10

e cvlasso Ipsa Icavol lweight age Ibph
svi Icp gleason pgg45,adaptive lopt
seed(123)

o “lopt” E/nizF{f MSPE (Mean-Squared
Prediction Error) /)M Jlamda
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K-fold cross-validation with 10 folds. Elastic net with alpha=1.

Fold 1234567 89 10

Lambda MSPE st. dev.

1 108.27212 1.3119917 .12512822

2 98.653523 1.2262267 -11959196

3 89.889416 1.1238329 .1105804

4 81.903888 1.0391797 .10333121

5 74.627772 .96922353 .09746022

6 67.998047 91144026 .09268124

7 61.957288 .86373688 .08878185

8 56.453173 .82437809 -08560331

9 51.438029 .79192531 .08302477

10 46.868416 .76518617 .0809516
11 42 .704755 .74317249 .0793072
12 38.910982 . 72506548 .07802752
13 35.454238 .71018683 -07705757
14 32.304581 .69797473 .0763493
15 29.434731 .68796398 .07586038
16 26.819831 .67976945 .07555346
17 24.437231 .67307243 .07539569
18 22.266295 .66760924 -07535846
19 20.288218 .66326148 .07537196
20 18.485869 .66000288 .07528454
21 16.843635 .65683992 .07509842
22 15.347293 .65065971 .07554494
23 13.983882 .64035923 0762954
24 12.741592 .62966826 -07700607
25 11.609665 .61444826 .0749482
26 10.578294 .60181168 .073244
27 9.6385474 .59141747 .07184513
28 8.7822855 .58280481 .07066862
29 8.0020914 57276518 -06848825
30 7.2912077 .56436394 .06666549
31 6.6434769 .55732879 .06514633
32 6.0532887 .55162667 .06394718
33 5.5155312 .54720102 .06305927
34 5.0255466 .54352479 .06232443
35 4.5790909 .5404709 .06171758
36 4.1722971 .53793386 .06121749
37 3.8016417 .53595281 .06085424
38 3.4639143 53438 .06060621
39 3.1561897 IK/Z‘E §§533§§i2018 -06042559
40 2.8758025 -53321099 -06038791

Stata
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Estimate lasso with lambda=3.156189746085835 (lopt).

Selected Lasso Post-est OLS

Icavol 0.5438135 0.5258519

Iweight 0.5236268 0.6617699

Svi 0.5344026 0.6656665
Partialled-out*

_cons -0.2716736 -0.7771568

2018/8/18
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